Abstract. We compute all Bousfield localizations and Bousfield colocalizations of the discrete model structure on any complete, co-complete category, including the homotopy categories and the algebraic K-groups of all such localizations and colocalizations. These model structures together form the closed unit ball centered at the discrete model structure in a natural (quasi-)metric on the collection of model structures on the category. We prove necessary and sufficient conditions for a subcategory of C to appear as the subcategory of fibrant objects for some model structure in that closed unit ball. We also prove necessary and sufficient conditions for a monad on C to be the fibrant replacement monad of some model structure in that closed unit ball. This is the first in a series of papers on structure theorems for the collection of all model category structures on any particular given category. In this paper, we give a complete description of the "closed unit ball" in that collection of model structures. We will now explain what this means we are actually doing.
Introduction.
This is the first in a series of papers on structure theorems for the collection of all model category structures on any particular given category. In this paper, we give a complete description of the "closed unit ball" in that collection of model structures. We will now explain what this means we are actually doing.
In this paper we answer all of the following closely related questions (we provide a few definitions after the questions, for the reader who doesn't know every single term we use):
• When is the process of passing to a subcategory of "particularly nice" objects of a category C actually a fibrant replacement in some model structure on C ? More specifically, if we are given a reflective subcategory of C , when can we begin with the discrete model structure on C and construct some Bousfield localization of it so that fibrant replacement in this localization model structure agrees with the reflector functor of that reflective subcategory?
• Given a monad on a category C , when is this monad actually a fibrant replacement monad for some model structure on C ? Again, since C is not given with a model structure to begin with, we start with the discrete model structure, and we ask (and answer) the more specific question: for which monads on C does there exist a Bousfield localization of the discrete model structure on C with monadic fibrant replacement and whose fibrant replacement monad agrees with the given monad? • In [6] we introduce an (extended quasi-)metric on the collection of model structures on any category C , such that two model structures are more distant from one another if it takes a longer chain of Bousfield localizations and Bousfield colocalizations to reach one from the other (we also provide the same definition in the present paper, in Def. 7.4). Can one compute the closed unit ball, centered at the discrete model structure, in this metric? Put another way, can one compute all the Bousfield localizations and Bousfield colocalizations of the discrete model structure on a category? • Each model structure on C has an associated algebraic K-theory: one takes the full subcategory generated by the cofibrant objects in the model structure and gives it the structure of a Waldhausen category, with cofibrations and weak equivalences inherited from those in C , and then one takes the algebraic K-groups of this Waldhausen category, in the sense of [8] . What are the algebraic K-groups of the model structures in the closed unit ball centered at the discrete model structure? We remind the reader that the discrete model structure on a finitely complete, finitely co-complete category is the one in which all maps are cofibrations, all maps are fibrations, and the weak equivalences are the isomorphisms. We also remind the reader that a Bousfield localization of a model category C consists of a model category C 0 with the same underlying category and the same cofibrations as C , and such that each weak equivalence in C is also a weak equivalence in C 0 .
We also remind the reader that a full subcategory A of a category C is said to be a reflective subcategory if the inclusion functor A ֒→ C admits a left adjoint; when such a left adjoint exists, we call it the reflector functor. We also say that A is replete if A is closed under isomorphisms, i.e., if any object of C isomorphic to an object of A is contained in A.
Here is a synopsis of our main results, Corollaries 6.1, 6.2, 6.3, and 6.4, Prop. 6.5, and Cor. 6.6, which provide answers to the questions we asked above:
Corollary. 6.1. Let C be a complete, co-complete category. There exists a one-to-one correspondence between Bousfield localizations of the discrete model structure on C , and reflective replete subcategories of C .
In particular, any reflective replete subcategory of C can be "modelled" by a model structure on C , i.e., there exists a model structure on C whose fibrant replacement is functorial and whose fibrant replacement functor is precisely the given reflector functor.
• The subcategory A is reflective and the inclusion functor A → C is strictly monadic.
(We define "strictly saturated" in Def. 2.7 and we define "strictly monadic" in Def. 4 .4. Our definition of "strictly monadic" agrees with Mac Lane's definition of "monadic" in [4] .) Corollary. 6.4. Let C be a complete, co-complete category, and let T be a monad on C . Then the following conditions are equivalent:
(
1) There exists a Bousfield localization of the discrete model structure on C for which T is a fibrant replacement monad. (2) There exists a full replete subcategory of C for which T is a reflector functor. (3) The monad T is a reflection on to the full subcategory of C generated by all objects Y such that the unit map Y ηY

−→ T Y of T evaluated on Y is an isomorphism. (4) The monad T is idempotent.
In any such model category, we show that the fibrant objects are precisely those objects X such that the unit map X ηX −→ T X of the monad, evaluated on X, is an isomorphism; and we show, in Prop. 2.9 , that the fibrations turn out to be precisely the pullbacks of morphisms between the fibrant objects.
We note that nowhere in this paper do we use any hypothesis about cofibrant generation of the model structures, nor do we ever use Quillen's small object argument. As a result, the duals of all our results are also true.
Proposition. 6.5. Let R be a commutative ring and let Mod(R) be the category of Rmodules, equipped with the discrete model structure. Let S be a commutative R-algebra. Then there exists a Bousfield localization of Mod(R) in which the base change functor − ⊗ R S is a fibrant replacement monad if and only if the multiplication map S ⊗ R S → S is an isomorphism.
Finally, Cor. 6.6, which brings nearly everything else in the paper together into a single computation of the closed unit ball centered at the discrete model structure in the collection of model structures on a complete co-complete category:
Corollary. 6.6. Let C be a complete, co-complete category. Then the closed unit ball in the Bousfield (quasi-)metric on the collection of model structures on C is isomorphic to the following collection with extended quasi-metric 1 
:
{A a replete full subcategory of C : A ⊆ C is either reflective or coreflective} where the extended quasi-metric is given by: Our argument for triviality of the algebraic K-groups is an analysis of the Waldhausen category structures that arise, and does not rely on an "Eilenberg swindle" to prove triviality. Hence any such model structure on e.g. a module category which restricts to a model structure on the finitely-generated modules will still have trivial algebraic K-groups.
We remark that one application for these results is found in our paper [7] , where we use Cor. 6.1 from the present paper to produce model structures demonstrating the failure of flat descent of model structures on module categories.
We wrote all of this paper except the introduction and the appendix in December 2011, but we were not sure if the results were already known. After encouragement from other homotopy theorists who work with model categories and found the results of this paper novel, we decided to submit this paper for publication. Since writing this paper we have come across the paper [1] of Cassidy, Hébert, and Kelly, who prove a relationship between factorization systems and reflective subcategories from which one can derive the results in our sections 2 and 3, and consequently our Thm. 6.1, Thm. 6.2, Cor. 6.5, and part of Thm. 6.6, although those theorems do not appear in their paper. We remark also that the ideas of [1] were revisited and expanded upon recently in Rosický and Tholen's paper [5] . However, neither [1] nor [5] give clean results in familiar homotopy-theoretic language (instead of model categories and Bousfield localization, [1] and [5] work with torsion theories and weak factorization systems), so one does not find the classification of the Bousfield localizations of the discrete model structure on a category, or the computation of the homotopy category and algebraic K-theory of all such localizations, in the existing literature. So we feel that the present paper adds something worthwhile to the literature on the subject.
Following the modern convention, in this paper all model categories are assumed to be closed model categories. • Suppose F is a class of morphisms in C . We write F ⊥ for the class of all objects Z in C such that the map of hom-sets
• Suppose A is a class of objects of C . We write A ⊥ for the class of all morphisms 
, and the following conditions are equivalent:
We write G for the inclusion functor A G −→ C . Then, for any object Z in A, we have the commutative diagram of sets:
and hence the map of hom-sets hom A (FY, Z) → hom A (FX, Z) is a bijection, and this bijection is natural in Z and holds for any Z in A. So by the Yoneda Lemma, the map FX
and hence hom C (Y, GZ) → hom C (X, GZ) is a bijection, so f is in A ⊥ . Now we apply the ⊥ operator to each side of the equality A ⊥ = S (F) to obtain
Lemma 2.4. Let C be a category and let A be a reflective subcategory of C with reflector
is an isomorphism.
Proof. Let U be an object of C and let B × GFB GFA g −→ U be a morphism in C . A factorization of g through the canonical map
exists if and only if U is in A, and if the factorization exists, it is unique. Meanwhile, a factorization of g through the canonical map
is the same thing as a factorization of the composite
through the canonical map A → GFA, so again, such a map exists if and only if U is in A, and if the factorization exists, it is unique.
We now have that the natural map
is a bijection for any U in C . By the Yoneda Lemma,
is an isomorphism in C . Proof. We will write j for the canonical inclusion of the left factor X j −→ X A B. Let W be an object of C and let g, g 
Lemma 2.5. Let C be a category and let
is an isomorphism in C .
Proof. Let W be an object of C . We have the commutative diagram, natural in W:
in which ℓ is a surjection, since FG is naturally isomorphic to id A and hence F is a full functor. Hence m too is a surjection. Now by Lemma 2.5, the canonical map GFA → GFA A (B × GFB GFA) is monic, and by Lemma 2.4, the canonical map GFA A (B × GFB GFA) → GF(B × GFB GFA) is an isomorphism. So the canonical map GFA → GF(B × GFB GFA) is monic, so the induced map
Hence m is both injective and surjective, hence bijective for any object W in C ; by the Yoneda Lemma, GFA → GF(B × GFB GFA) is an isomorphism in C . Definition 2.7. Let C be a category and suppose that A is a reflective subcategory of C .
• We say that A is strictly saturated if A satisfies either of the equivalent conditions of Lemma 2.3.
• Write F for the reflector functor C 
having the property that its composite with f recovers m. Meanwhile, the fact that ℓ • g = k gives us that the factorization Fℓ of Fm through F f agrees with the one specified by k and Fg, i.e., Fℓ = n. So our lifting ℓ satisfies not only p • all maps are cofibrations,
• weak equivalences are the maps in S (F), and • fibrations are (necessarily) the F-fibrations. We will write C A for C with this model structure.
In this model structure, a map is a fibration if and only if it is a pullback of a map in A, and a map is an acyclic fibration if and only if it is an isomorphism.
Proof. First, we observe that F-fibrations are defined by a right-lifting property, hence are closed under pullback; it is classical that (in a finitely complete category) the morphisms with the right-lifting property with respect to some collection of maps is closed under pullback, and a proof appears as Lemma 7.2.11 in [3] .
We first check that there exist appropriate weak factorization systems on C A . Let A f −→ B be a morphism in C ; it factors canonically as
−→ B is a pullback of GF f , hence a pullback of a fibration, hence itself a fibration. Meanwhile, by Lemma 2.6, our map f 1 is in S (F), hence an acyclic cofibration. So our factorization 2.0.1 is a weak factorization system of any morphism into an acyclic cofibration followed by a fibration.
The other necessary factorization system, of any morphism A f −→ B into a cofibration followed by an acyclic fibration, is simply the factorization
since any map f is a cofibration and the identity map is an acyclic fibration. Now we check that the two-out-of-three property holds for weak equivalences. Suppose have a composable pair of morphisms
in C . If two of the three maps f, g, g • f are weak equivalences, then those two maps are in S (F), so two of the three maps in the commutative diagram in A
are isomorphisms; so the third map is as well, hence is also a weak equivalence. So if two of the three maps in f, g, g • f are weak equivalences, so is the third.
To prove the remaining necessary properties of a model structure, it is convenient to now prove the stated claims about fibrations and acyclic fibrations in C A . One claim is easy: that acyclic fibrations in C A are isomorphisms is the standard fact that the only maps in a category with the right-lifting property with respect to all maps are the isomorphisms. Now we show that fibrations in C A are precisely the pullbacks of maps in A. First, any map which is a pullback of a map in A is a pullback of a fibration, hence itself a fibration.
Conversely, suppose that A f −→ B is a fibration, and suppose that Z ′ g −→ Z is an acyclic cofibration equipped with maps to make the diagram in C
and since GF f is a map in A and hence a fibration, the map GFA × GFB B → B is a pullback of a fibration, hence a fibration. Lemma 2.8 tells us that h is also a fibration. By Lemma 2.6, h is a weak equivalence. So h is an acyclic fibration, hence h is an isomorphism. So the square
is a pullback square, and GF f is a morphism in A. So any fibration f is a pullback of a morphism in A. Now we check the remaining conditions necessary for C A to be a model category. Our definitions imply immediately that acyclic cofibrations lift over fibrations; meanwhile, since the only acyclic fibrations are isomorphisms, cofibrations lifts over acyclic fibrations.
All that remains is for us to check that cofibrations, fibrations, and weak equivalences are closed under retracts. Since all maps are cofibrations, cofibrations are closed under retracts. Suppose we have a commutative diagram in C
a composite of monics, hence monic; this composite is equal to the composite FA
So F f is left-cancellable and right-invertible, so F f is an isomorphism, so f ∈ S (F). So a retract of a weak equivalence is a weak equivalence. Now suppose we again have a commutative diagram 2.0.2 in C , and g is a fibration. Since our fibrations are defined by a right lifting property, it follows from the general theory that they are closed under retracts, but we give an explicit proof below. Let W be an object of C . Since the canonical map GFA ′ × GFA A → GFB ′ × GFB B admits a retraction, we have a canonical choice of lift of any map
so we can take any map W → GFA ′ × GFA A, lift it through the composite
and compose it with the map
is surjective. Meanwhile, we have the commutative diagram
and since the composite
is monic, and it is equal to the composite 
is certainly a bijection, since both domain and codomain have only a single point; so 1 is in A ⊥⊥ = A. One can also prove Lemma 2.11 as a corollary of Prop. 2.9 and Lemma 3.1. Proof. We must show two things: first, that an object of C A is fibrant-cofibrant if and only if it is in A; and second, that two maps between fibrant-cofibrant objects are right-homotopic if and only if they are equal.
Suppose X is an object in A. All objects in C A are cofibrant, so we simply must show that X is fibrant. Write G for the inclusion functor A → C . Let Z ′ g −→ Z be an acyclic cofibration in C A , i.e., S (g) is an isomorphism in A; and suppose we are given a morphism Z ′ → X. We must produce an extension:
By the universal property of the adjunction of F and G, the maps Z ′ → GX and Z → G1 factor through the unit maps Z ′ → GFZ ′ and Z → GFZ. (By Lemma 2.10, we have that 1 is in A; when convenient we will notationally confuse 1 and G1.) So we have the diagram
and the composite
is the desired lift filling in diagram 2.0.4. So every acyclic cofibration lifts over X → 1; so X → 1 is a fibration. Hence every object in A is fibrant in C A . Now suppose X is a fibrant object in C A ; we must show that X then lies in A. We will write i X for the unit map X i X −→ GFX of the adjunction of F and G. Since F is a full and faithful functor, the counit map FG → id A of the adjunction is a natural isomorphism, hence the map GFX GFi −→ GFGFX is an isomorphism; so i is in S (F), i.e., i is an acyclic cofibration in C A . We now have the diagram
and the dotted arrow exists since the left-hand vertical map is an acyclic cofibration and the right-hand vertical map is a fibration. So i admits a retraction, so i is a monomorphism.
Now suppose Z
′ g −→ Z is an acyclic cofibration, i.e., is in S (F), and suppose we have maps to make the diagram
commute; then the dotted map exists, i.e., the map of hom-sets
induced by g is a surjection. We want to show that this map of hom-sets is actually a bijection. Let h, h Proof.
(1) Bousfield localization does not change the cofibrations of the underlying model category, hence it does not change the acyclic fibrations (since they are determined by the cofibrations). In a discrete model category, the acyclic fibrations are the isomorphisms; hence in any localization of a discrete model category, the acyclic fibrations are still the isomorphisms. 
and we arrange this composable pair of maps as well as the given maps into the commuta-
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and, redrawing a portion of the central axis of this commutative diagram, we have
So there exists a lift PA → Path(PB) of this acyclic cofibration over this fibration. This lift is a right homotopy of g and g ′ . Proof. Let g, g ′ : PA → PB be two maps making the above diagram commute. By Lemma 3.2, g and g ′ are right-homotopic. By Lemma 3.1, g and g ′ are hence lefthomotopic (since they have fibrant codomain), hence equal. This implies that any two fibrant replacements for an object in C are uniquely isomorphic.
Since the map g filling in diagram 3.0.7 is uniquely determined by f , we will write P f instead of g for this map. It is easy to check that the assignment f → P f preserves composition and identity maps; hence P is a functor C → C landing in the full subcategory generated by the fibrant objects. So P is a fibrant replacement functor. 
This is the desired unique factor map. Hence P is left adjoint to G.
We now prove that A = A ⊥⊥ , i.e., that A is strictly saturated. Let X f −→ Y be an acyclic cofibration in C . Then, for any fibrant object Z of C , the induced map of hom-sets
is a surjection since f lifts over the fibration Z → 1, and furthermore it is a bijection since any two lifts of an acyclic cofibration in C over a fibration with fibrant codomain are right-homotopic, hence by Lemma 3.1 left-homotopic and hence equal. So f ∈ A ⊥ . Now suppose Z ∈ A ⊥⊥ and let
be a commutative square in C with f an acyclic cofibration. Then f ∈ A ⊥ , so
is a bijection, so there exists a (unique) lift Y → Z filling in diagram 3.0.9. So every acyclic cofibration lifts over Z → 1. So Z → 1 is a fibration, so Z ∈ A, so A ⊥⊥ ⊆ A, so A is strictly saturated. Proof. Suppose X is an object in A ⊥⊥ . The GF-algebra structure on X is given as follows:
the unit map X ηX −→ GFX of the adjunction of F, G is in S (F), since FG is naturally isomorphic to the identity. Now since X ∈ A ⊥⊥ = S (F) ⊥ by Lemma 2.3, we have that the map
given by precomposition with ηX is a bijection. Hence there is a unique map GFX φX −→ X in the preimage, under the map 4.0.10, of the identity map id X ∈ hom C (X, X). In other words, there exists a unique retraction of the map X ηX −→ GFX, and that retraction is the map we are calling φX.
We need to check that GFX φX −→ X is the structure map of a GF-algebra, i.e., that GF is unital and associative. Unitality, i.e., that φX • ηX = id X , follows immediately from how we have defined φX. Write ǫ for the counit map FG ǫ −→ id A of the adjunction of F, G; then associativity for φX is the equality φX • GF(φX) = φX • GǫFX, which we must check. Since GFηX is an isomorphism, it is right-cancellable, so the equalities
Hence φX is indeed a GF-algebra structure map.
Any GF-algebra structure map GFX h −→ X must satisfy the unitality axiom, meaning that the composite h • ηX must be the identity map on X; but φX is the only morphism GFX → X which satisfies the equality φX • ηX = id X . Hence the GF-algebra structure on X given by φX is the only GF-algebra structure that can be put on X. 
Give X, Y the GF-algebra structures from Lemma 4.1. Then f is a morphism of GF-algebras.
Proof. We need to check that f • φX = φY • GF f . Since Y is in A ⊥⊥ = S (F) ⊥ and φX ∈ S (F), we have that the morphism of hom-sets
given by precomposition with φX, is a bijection. So the map φY • GF f ∈ hom C (GFX, Y) admits a unique factorization through φX. Let X g −→ Y be the factor map such that g•φX = φY • GF f . Then we have
So f • φX = φY • GF f , so f is a morphism of GF-algebras.
Proposition 4.3. Let C be a category and let A be a reflective subcategory of C . Write F : C → A for the reflector functor and G : A → C for the inclusion functor. Then the category C GF of GF-algebras is a subcategory of C , and it is exactly equal to the subcategory
Proof. Suppose X is an object of C equipped with a GF-algebra structure map GFX
We want to show that X is in S (F)
Then we have the induced map of hom-sets
and we need to show that it is a bijection. Surjectivity of 4.0.11 is equivalent to the fact
We claim that such a map h exists and the composite
is an example. Indeed:
with the last equality ψ • ηX = id X since ψ is the structure map of a GF-algebra. So the map 4.0.11 is surjective. We now check that map 4.0.11 is also injective. Suppose g 1 , g 2 : B → X are two maps satisfying g 1 • f = g 2 • f , i.e., g 1 , g 2 are in the preimage of the same element in the codomain of the map 4.0.11. Then, since GF f is an isomorphism, it is right-cancellable, so the equalities
Hence we have the equalities In this setting the distinction between equivalence and isomorphism of categories is actually very important, as evidenced by the following corollary: Then we can apply F together with the natural equivalence FG ≃ id A to get that FZ is a split coequalizer of f, g. Hence G sends a cofork in A to a split coequalizer in C if and only if the cofork was already a split coequalizer in A. So G preserves coequalizers of all pairs in A with a G-split coequalizer, and since G is faithful and injective on objects, it reflects isomorphisms; so by Beck's theorem (see e.g. [4] ), the comparison functor
GF is an equivalence of categories. So G is monadic-up-to-iso.
• (2) implies (1). Suppose G is strictly monadic. Then the functor A
3) admits a left adjoint M and the composite K • M is equal to (not just equivalent to!) the identity functor on A ⊥⊥ . Suppose X is in A ⊥⊥ . Then X = K M(X). But the comparison map K (see [4] ) sends any object X of A to the GF-algebra consisting of GA with the GF-algebra structure map GFGA → GA induced by the natural transformation FG → id A ; so X is equal to GM(X) for some object M(X) of A, i.e., every object of A ⊥⊥ is in A. So A is strictly saturated.
• (1) implies (2). If A is strictly saturated then the comparison functor
GF is the identity functor, hence is strictly monadic.
• (1) implies (3).
Suppose A is strictly saturated. Choose an object X in A and an object Y in C and an isomorphism X −→ Y. Then, for any map
we have the commutative diagram of sets
Hence the induced map hom
Hence A is replete.
• (3) implies (1) . Since G is monadic-up-to-iso, every object of A is isomorphic to an element of
5. Necessary conditions for a monad to be a fibrant replacement monad. 
and the equality T ηT X • ηT X = ηT T X • ηT X. Now ηT T X • ηT X is a composite of acyclic cofibrations, hence an acyclic cofibration, so we have the commutative square
where the map T X → Path(T T X) is the right-homotopy of µT X • T ηT X • ηT X with T µX • T ηT X • ηT X (we have a particular choice of such a map since these two maps are, by diagram 5.0.12, not only right-homotopic but actually equal). Now we lift the acyclic cofibration over the fibration to get a right-homotopy T T T X → Path(T T X) of µT X with T µX. 
again by general monad theory, and since we assumed T µX = µT X, the composite around the left-hand edge of diagram 5.0.15 is i. Hence we have the commutative diagram
and this is precisely the upper triangle expressing that the composite 5.0.14 fits into diagram 5.0.13 as desired. So every cofibration lifts over µX, so µX is an acyclic fibration. 
Proof.
(1) First, we note that, since C is a Bousfield localization of a discrete model category, it has the same cofibrations as the discrete model structure on C (namely, all morphisms), and consequently the same acyclic fibrations as the discrete model structure on C (namely, all isomorphisms).
If f = g then clearly f is left-homotopic to g. Conversely, if f, g are lefthomotopic, then the map X X f g −→ Y factors through the cofibration X X → Cyl(X). But that cofibration, when composed with the chosen map Cyl(X) → X, is the codiagonal map X X → X; and Cyl(X) → X is an acyclic fibration, hence an isomorphism. So f g factors through the codiagonal map X X → X. So f = g. (2) If f = g then clearly f is left-homotopic to g. Conversely, if the domain of a pair of maps is fibrant and the maps are right-homotopic to one another, then they are left-homotopic to one another; this is Lemma 4.21(ii) in [2] . So if f, g are righthomotopic, they are left-homotopic, hence by the previous part of this lemma, they are equal. 
T T Y µY f ib,we
in which maps are cofibrations, fibrations, and weak equivalences as labelled, and the bottom row expresses Path(T Y) as a path object for T Y.
Now the projection Path(T Y) × T Y×T Y (T T Y × T T Y) → T T Y × T T Y is a pullback of a fibration, hence itself a fibration, while the two-out-of-three axiom implies that the map T T Y → Path(T Y) × T Y×T Y (T T Y × T T Y),
given by the universal property of the categorical product, is a weak equivalence.
This map T T Y → Path(T Y) × T Y×T Y (T T Y × T T Y)
is also a cofibration, since all maps in C are cofibrations; so the sequence
−→ T T Y × T T Y expresses Path(T Y) × T Y×T Y (T T Y × T T Y) as a path object for T T Y × T T Y.
We claim that the desired mapj is the composite
We will writej for this composite. We prove this by first producing a right homotopy between j and Tj. Now we have the equalities
so we know that j, Tj are not merely right-homotopic but actually equal once precomposed with ηX and postcomposed with µY. But in particular, µY • Tj • ηX, µY • j • ηX are righthomotopic, so we have the commutative diagram
and we can lift the acyclic cofibration over the fibration to get a map T X → Path(T Y) filling in the diagram and making it commute; by the universal property of the categorical product we then get a Proof. We have the commutative square
factorization of T X → T T Y × T T Y through the projection Path(T Y) × T Y×T Y (T T Y × T T Y) → T T Y × T T Y. But this projection, appearing in the path object sequence 5.0.16, expresses Path(T Y) × T Y×T Y (T T Y × T T Y) as a path object for T T Y; so we have our desired factorization of T X → T T Y × T T Y through a path object Path(T T Y) → T T Y × T T Y. So j, Tj
and we lift the acyclic cofibration over the fibration to get a map T Y s −→ Y which is a right inverse for ηY. The two-out-of-three property implies that s is a weak equivalence, and since C is a Bousfield localization of a discrete model category, all maps in C (including s) are cofibrations, so we have the commutative square
and again we lift the acyclic cofibration over the fibration to get a right inverse for s. So s is an isomorphism; so ηY, which is the left inverse of s, is also an isomorphism. 
natural in X and Y, in which we have marked the known surjection and known injection. We conclude that the resulting natural map
is a bijection. • There exists a Bousfield localization of the discrete model structure on C such that the fibrant objects are precisely the objects of A.
• The subcategory A is reflective and replete.
• The subcategory A is reflective and strictly saturated.
• The subcategory A is reflective and the inclusion functor A → C is strictly monadic. Proof. The fact that the third condition and fourth conditions are equivalent to the others still needs explanation. Write A for the full subcategory of C generated by all objects Y such that the unit map ηY is an isomorphism.
If T is a reflection functor, then it is idempotent, and it is easy to see that, if T is idempotent, then A is a replete full subcategory of C ; so Prop. 2.9 and Prop. 4.5 together imply that there exists a Bousfield localization model structure on C whose weak equivalences are exactly the morphisms of C that are sent to isomorphisms by T .
The fourth condition is merely a rephrasing of the third condition: T is a reflector on to A if and only if T is idempotent.
Here is a specific application to the category of modules over a commutative ring R. Proof. By Cor 6.4, in order for the base change functor to be a fibrant replacement, the forgetful functor from Mod(S ) to Mod(R) must be a full functor. Since it is clearly faithful, its fullness is equivalent to the counit M ⊗ R S → M of the adjunction being an isomorphism for every S -module M. This counit is simply the tensor product of M with the multiplication map S ⊗ R S ∇ −→ S . So, for the counit to be an isomorphism, it is necessary and sufficient that ∇ be an isomorphism.
Finally, the above results, together with their duals, imply the following computation of the closed unit ball centered at the discrete model structure in the Bousfield quiver (as in Def. 7.5).
Corollary 6.6. Let C be a complete, co-complete category. Then the closed unit ball in the Bousfield quiver is isomorphic to the following collection with extended quasi-metric:
{A a replete full subcategory of C : A ⊆ C is either reflective or coreflective} where the extended quasi-metric is given by: 
in which the middle square is a pullback square. By Prop. 5.6, there exists a unique map Y → S making the diagram commute, hence, by the universal property of the pullback, a unique map Y → V × T S U making the diagram commute. That map is the desired unique lift.
We now prove the claim about algebraic K-theory, handling the reflective case and the coreflective case separately. First let A be a replete reflective subcategory of C . Then, in the model structure on C associated to A, all maps are cofibrations, hence all objects are cofibrant. Hence the Waldhausen category W is C itself, with cofibrations and weak equivalences inherited from those in C . Now we have the exact (in the sense of Waldhausen) functor 0 : W → W sending every object of W to the terminal object, and sending every morphism to the identity morphism on the terminal object. Furthermore, since all maps in W are cofibrations, we have a cofiber sequence of exact functors W → W: 
Now let A be a replete coreflective subcategory of C . Then, in the model structure on C associated to A, the cofibrant objects are exactly the objects in A Hence the Waldhausen category W is A itself, with cofibrations and weak equivalences inherited from those in C . However, all maps between objects of A are cofibrations in this model structure. So the same argument as above, using Waldhausen's additivity theorem, implies contractibility of wS • W, hence triviality of all K-groups.
Corollary 6.7. Let C be a model category in which either every map is a cofibration, or every map is a fibration. Then the K-theory groups K * (C ) of the underlying Waldhausen category of the cofibrant objects of C are all zero.
7. Appendix on the Bousfield quiver and its (quasi-)metric.
We introduce an appealing visual way to organize the collection of model structures on a given category, which we call the "Bousfield quiver." In the special case of any model category of spectra, it is closely related to (and contains) Bousfield's lattice of localizations with respect to generalized homology theories, so one cannot hope to actually compute the Bousfield quiver of any model category of spectra without tremendous advances first being made in stable homotopy theory. But for other, smaller, more tractable model categories-perhaps even some which could be regarded as approximations for the category of spectra-the Bousfield quiver is computable, as we show by computing several Bousfield quivers in the paper [6] .
In the present paper, however, we content ourselves with the computation of the closed unit ball centered at the discrete model structure in the Bousfield quiver. In this section we explain what this means. Remark 7.3. Suppose C is a category with finite limits and finite colimits. Then there exists at least one model structure (the discrete model structure) on C . But a priori the collection of all model structures on C does not necessarily form a set: one can specify a model structure on C by specifying a class of cofibrations and a class of acyclic cofibrations, so the collection of model structures embeds into the collection P(Mor(C )) × P(Mor(C )), the collection of pairs of subcollections of the collection of morphisms of C . (We are writing P(X) for the collection of subcollections of a collection X.) Now Mor(C ), the collection of morphisms of C , is typically a proper class (unless C is a small category). So P(Mor(C )) is typically not even a class-the collection of subcollections of a class is typically not a class! If one is using Grothendieck universes, one must enlarge the choice of universe twice to get a collection as large as P(Mor(C )). So we are being slightly dishonest when we refer to the Bousfield quiver: the Bousfield quiver of a category satisfies the usual definition of a quiver except that its collections of edges and of vertices are not known to form a set, or even a class. They are just collections. In concrete cases, though, the Bousfield quiver really is a quiver, and even a finite quiver; see [6] .
Recall that an extended quasimetric on a set X is a function d : X → R ≥0 ∪ {∞} which is subadditive and which has the property that d(x, y) = 0 if and only if x = y. Unlike a metric, a quasimetric is not required to be symmetric, i.e., we do not require d(x, y) = d(y, x). Two model structures in the Bousfield metric are more distant if one has to alternate between localization and colocalization more times to get from one to the other. It is quite possible (and common!) for a category to admit two model structures, neither of which can be reached from the other by any sequence of localizations and colocalizations. In that case the two model structures have infinite distance from one another. In [6] we compute several Bousfield quivers, including the Bousfield quiver of the category of k[x]/x 2 -modules, an example in which one finds pairs of model structures of distance 1, 2, and ∞ from one another. It seems likely that, for any n ∈ N, there exists a category C admitting two model structures of distance n from one another.
In any case, in this paper we compute the closed unit ball centered at the discrete model structure in the Bousfield quiver of any complete, co-complete category. This terminology is unambiguous because, for any model structure E on C not equal to D, the distance d (E, D) is infinite, since D is not a Bousfield localization or Bousfield colocalization of any model structure except itself. However, d(D, E) is capable of being finite and nonzero, so the closed unit ball centered at the discrete model structure is capable of being nontrivial. (We compute it in Cor. 6.6.)
Note that the vertices in the closed unit ball centered at the discrete model structure in the Bousfield quiver of C correspond to the Bousfield localizations and the Bousfield colocalizations of the discrete model structure on C , that is, all the model structures on C in which either every morphism is a cofibration or every morphism is a fibration.
